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p-ADIC L-FUNCTIONS FOR RANKIN-SELBERG 
CONVOLUTIONS OVER NUMBER FIELDS 

FABIAN JANUSZEWSKI 


Abstract. We unconditionally construct cyclotomic p-adic L-functions for Rankin- 
Selberg convolutions for GL(n + 1) x GL(n) over arbitrary number fields, and 
show that they satisfy an expected functional equation. 
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1. Introduction 

In modern number theory p-adic L-functions play a central role, as they tend 
to reflect arithmetic properties more directly than their complex counterparts. 
Since the discovery of the p-adic Riemann ^-function by Kubota and Leopoldt in 
the 1960’s, their deep arithmetic significance became apparent in Iwasawa’s work 
on cyclotomic fields, which culminated in Mazur-Wiles’ proof of the cyclotomic 
Iwasawa main conjecture. 

Since then p-adic methods are omnipresent in modern number theory, and the 
construction of p-adic L-functions has been an important and in general unsolved 
problem. Even worse, being an arithmetic invariant, all we can do is construct 
p-adic L-functions for automorphic representations. Due to the lack of an Euler 
product in the p-adic world, we do not have a direct construction for motives. 
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A very successful method for constructing p-adic L-functions is via Mazur’s 
modular symbols. They exist in purely topological contexts and behave very well, 
but their non-vanishing is an unsolved problem in general. 

In this article we study a modular symbol on GL(n + 1) x GL(n) computing 
the special values of the twisted Rankin-Selberg L-functions L(s, (tt x a) ® y) for 
regular algebraic cuspidal automorphic representations 7 r and a on GL(n + l) resp. 
GL(n). We allow an arbitrary number field as the base field. Thanks to results 
of Sun [Sun], the non-vanishing hypothesis in our setting has been proved. In 
particular our results are unconditional. Finally we apply this to the construction 
of p-adic L-functions and show that they always exist in the finite slope situation, 
and also satisfy a functional equation. 

By recent results of Harris-Lan-Taylor-Thorne [HLTT] and independently of 
Scholze [Schl], we know that whenever k is totally real or a CM field, that we may 
associate to n and a compatible Gaelic systems of Galois representations p n / resp. 
Pa/ with the property that 

1 — n(n 1) 

(1) L(s, (7T X <r) <g> x) =s L(s - — - , {p-K,t® pa,i)t® x), 

where the notation =5 suggests that this identity holds for all but finitely many 
Euler factors. So far it is yet unkown if these Galois representations are de Rham 
at l = p or even motivic, but this is to be expected. In the same spirit (1) is 
expected to be a strict identity. Despite these open questions the existence of 
these Galois representations gives a strong hint that our construction eventually 
bears arithmetic significance. 

Our main Theorem is the following. Let A; be a number field and let p be a 
rational prime. Let n and a be regular algebraic irreducible cuspidal automorphic 
representations of GL„ + 1 (A*,) and GL n (A*.), respectively. Then it is well known 
that the finite components 7 r ( ' 0O ' ) and cd 00 ) are defined over a number field Q( 7 t, a) 
(cf. [Clo, Theoreme 3.13]; this statement extends to the global represenations in 
an appropriate sense [Janl5]). Define the compact abelian p-adic Lie group 

C(p°°) := \jmk x \Af/(k® Q R)°(l+p n O k ® z Z p ) J] (D* v 

n v\poo 


which by class field theory is naturally isomorphic to the Galois group Gal (k p 00 /k) 
of the maximal abelian extension k p °° of k unramified outside poo. Then, assuming 
that the weights of n and a are compatible, and that n and cr are p-ordinary, or 
more generally of finite slope at p, we have 

Theorem A. For each s crit = | + j (j € Zj critical for L(s, 7 r x er) there exist 
periods G C x and a Q(n, a)-valued p-adic measure p 3 (a locally analytic distri¬ 
bution in the finite slope case) on C(p°°), such that for all finite order characters 
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We remark that our Theorem contains as a particular case a construction of the 
p-adic L- functions for GL(2), valid over any number held. We also remark that 
there is no restriction on the prime p, the oddest prime 2 is included. 

In the Theorem L^(s, n x a ) denotes the Rankin-Selberg L-function with the 
p-Euler factors removed, .s m j n = \ + j min is the left most critical value, and 
Jp( 7 r, a, t p , x, Sent) is a certain local zeta-integral at p | p whose evaluation is known 
for n < 2 by well known computations in the case n — 1 , for n — 2 by recent yet 
unpublished work of Ungemach, i.e. it agrees with the motivically expected value 
(cf. [CPR, PR]). As the notation suggests, the resulting measure pj depends on 
choices of Hecke roots at all p | p for which we find a suitable f/ p -eigen vector with 
eigen value For details we refer to section 4, in particular to our Main Theorem 
4.1. 

We also prove that the p-adic L-function we construct statishes a functional 
equation. Denote by 

L : g w n g~ l w n 

the twisted main involution of GL ra , where the superscript ‘ — t ’ denotes matrix 
inversion composed with transpose, yielding an outer automorphism of GL n order 
2. Furthermore w n is a representative of the long Weyl element for GL n . Then 
pullback along i sends n to its contragredient representation 7r v , and a cohomo- 
logical f/ p -eigen vector A to a cohomological f/ p -eigen vector A v . Similarly we have 
the involution 

x eA x w := (—l) n a;^ 1 

on C(p°°). Now the measures pj are constructed out of a specific choice for A, and, 
emphasizing this dependence in the notation, we show in Theorem 7.3, 


Theorem B. We have the functional equation 

p\,j (x) = P\v_j(x V ). 

We point out an intruiging phenomenon which arises whenever k has complex 
places. Departing from n and cr, or more generally from a f/ p -eigen class in coho¬ 
mology, our construction produces a measure (resp. distribution) p with values in 
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M r , where M is the irreducible rational GL(n + l) x GL(rt)-module corresponding 
to the weight of the regular algebraic representation 7t<8)ct, and T is an arithmetic 
subgroup of the diagonally embedded GL(ra) in GL(n + 1) x GL(n). In order to 
obtain /Xj , we project jx onto one-dimensional quotients of M v . Now if k is totally 
real, the dimensiona of M r coincides with the number of critical places. However 
if k has a complex place, there are weights for which dim M r is strictly larger than 
the number of critical places. It seems unclear so far if these ‘phantom compo¬ 
nents’ of jx, which do not correspond to critical values, hold arithmetic information 
not covered by the projections fXj. So far we only know that jx behaves as nicely 
as we may expect: It is p-adically bounded in the ordinary case, and satisfies a 
natural functional equation. We hope to return to this question in the future. 

We give a quick sketch of the history of the constructions of p-adic L-functions 
for GL(n + 1) x GL(n). Previously the case of totally real k was settled in [Janl4], 
where a less natural condition of ordinarity was formulated, and where the author 
restricted his attention to a single place. Previously the case of trivial coefficients 
over an arbitary number held had been treated in [Janll], This approach gen¬ 
eralized and complemented a construction over Q due to Kazhdan, Mazur and 
Schmidt, who constructed a distribution (but not a measure) in [KMS], building 
on previous work of Schmidt [Sch], who had constructed p-adic L -functions for 
regular algebraic representations on GL(3) x GL(2) with trivial central character 
at infinity. The first general construction of a p-adic measure on GL(n + l) x GL(n) 
over Q is Schmidt’s complement [Sch2] to [KMS], which still imposed a trivial cen¬ 
tral character at infinity and had restrictions on p, depending on n, in particular 
excluding small primes. The latter restriction was once and for all removed in 
[Janll], and the correct formulation for arbitrary class numbers for totally real k 
was given in [Janl4], which also overcame the restriction of the central character 
at infinity. 

The non-vanishing of the periods is classical in the case n — 1, which over Q 
corresponds to the case of modular forms, where it is due to Hecke [He36, He37a, 
He37b]. The case n = 2 was settled in [Sch] in the case of trivial coefficients over Q, 
and for arbitrary coefficients over Q in [KS], which also implies the non-vanishing 
for totally real fields in this case. The case of general n and general fields with 
general coefficients was recently proven by Sun [Sun], 

The outline of the paper is as follows. In section 2 we collect essential notions 
and notations that will be used continuously throughout the paper. In section 3 
we define our coefficient systems, in section 4 we state our main theorem in full 
generality. In sections 6 and 7 we construct the p-adic L-function and prove its 
claimed properties. In section 8 we show that the non-vanishing problem can be 
treated place by place, which reduces us to two local cases: real and complex 
places, which allows us to invoke to Sun’s result. 

By the nature of the problem, there is necessarily some overlap with [Janl4] in 
our exposition. We use this occasion to simplify the notation and the treatment 
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of the construction of the distribution, and refer to loc. cit. if technical results are 
involved which are either already stated in appropriate generality or whose prove 
generalizes to the situation treated here without change. 

The author thanks Binyong Sun for his insistence on simplifications, which sig¬ 
nificantly contributed to the present form of the article. The author also thanks 
Miriam Schwab for many corrections. 

2. Notation 

Throughout the paper k denotes a fixed number held and C k its ring of 
integers. We write for the set of archimedean places of k and identify elements 
of it with conjngacy classes of held embeddings i : k —> C, via the action of 
complex conjugation on the codomain. In this spirit we denote by T the complex 
conjugate of an embedding i. By abuse of notation we sometimes identify i with 
its class We decompose = Sj-eai U Sqpix disjointly into the sets of real 

resp. complex places. 

We write A*, for the adelc group over k, and for a finite set S of places of k we 
denote by A). ’ the adeles where the finitely many components corresponding to 
places in S have been removed (or are identically 1 or 0, depending on the context). 
We apply same notation to ideles and write oo for the set of infinite places of k. 
Thus Adenotes the ring of finite adeles. 

We hx an algebraic closure Q/Q and assume that k C Q. We hx embeddings 
<■00 : Q -1 C and i p : Q —> Q p , the latter denoting an algebraic closure of Q p , and 
p is a hxed rational prime throughout the paper. We emphasize that we do not 
exclude any small primes. 

If //Q is an extension with ring of integers Oi, we let C^( p ) = Oi <E>z Zy P ) denote 
the localization of Oi at p, i.e. the subring of p-integral elements in l. 

For a linear algebraic group G over a held /, we write X (G) for the group of 
characters of G, i.e. homorphisms G —> G m , defined over a separable algebraic 
closure of /. If mjl is an extension, let X rn (G) denote the characters defined over 
m. 

We write G n := reso fc /^GL n for the restriction of scalars of the group scheme 
GL n /Ok- We hx the standard maximal torus T n in GL n and consider all root 
data for GL„ resp. G n with respect to T n resp. res^/Q T n and the ordering induced 
by the standard Borcl subgroup B n = T n N n resp. res k/qB n . We make the usual 
standard choice of simple roots, write W(GL n ,T n ) for the absolute Weyl group, 
w n G W(GL n ,T n ) for the longest element with respect to our choice of positive 
system, and we choose as basis of characters the component projections \j '■ T n — > 
G m , [ti) 1 —y tj. We write X(H) for the character group of a group scheme H and 
use the basis Xu ■ ■ ■ ■> Xn to hx an isomorphism X(T n ) = Z n once and for all. 

Every weight pi G X(res*,/Q T n ) may be naturally identihed with a tuple 

M (ht)tGHom(fc,C) 
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where /i ( , G X(T n ). Identifying a place v G S'oo with a set of embeddings we set 
p v := (h-Jtei; By the very definition of the restriction of scalars the Galois action 
on X(res k /qT n ) is given by 

H (ho' _1 i)tGHom(fc,C) 

for a G Aut(C/Q), and the irreducible representation (p M , M m ) of highest weight 
/x of G n is defined over the held of rationality Q(/x) of [i. We denote the latter’s 
ring of integers with 0(h) and hx a G„(C?(/z))-stable lattice M p (0(h)) in the 
representation space of M m (Q(/x)) and thus regard the latter as an 0(/z)-scheme 
of representations of G n 0(iu). I.e. for any O(h)- algebra we have the set of 
A-valued points 

M„(A) = M„(0(h)) ®o(„) A, 

which is a representation of G n (A). We let 

Alfj, ,(p) - = 1 10(n){p)i 

denote the localization at p. We remark that we have for any O (/x) ( p )-algebra a 
natural isomorphism 

M„(A) = M^ p) (A) = W ank(A H 

We write Af p for the (algebraic) dual, a notation that we extend to arbitrary 
representations. We hx once and for all an identihcation 

V'/’i = ' ->/>:■ - 

where /x v := —w n H- 
We set 

°G n := p| Ker(a 2 ). 

Then °G n is a reductive group scheme over Z and Xq(°G„) <8>z Q = 0 [Janll, 
Proposition 1.2]. 

Furthermore denote by S the maximal Q-split torus in the radical of G n , or the 
maximal Q-split central torus of G n , what amounts to the same. Then 

(2) G n (R) = °G n (M) x S(R)°, 

cf. [BS, Proposition 1.2]. We have explicitly 

°G n (R) = {ge G n (R) | JI ||det^|| t = 1}. 

This in particular shows that S is a Q-split torus of rank 1. Furthermore we 
introduce the subgroup 

G± = {d £ G>j(M) | Vt G S'oo : ||det^ t || t = 1}. 



p-ADIC L-FUNCTIONS 


7 


We fix standard maximal compact subgroups 

K n G n (R) 


el 


K, 


i-eSoo' 11 '' ' iiteS, 

where k,_ denotes the completion of k at i and 


* riteSno GL n (k L ), 


K, = 


U(n), for l complex, 
O(n), for l real. 


Then by (2), K n eventually lies in °G n (R), as does every arithmetic subgroup of 

G n . 

We write Z n for the center of G n and set 


GK n := K n Z n (R)°, 


then, by the above observation, GK n is again a product of groups GO(ra) and 
GU(n) at real and complex places respectively, which are defined as 

GO(n) := {g G GL n (M) | g x g G M x l„}, 


and 

GU(n) := {g G GL n (C) | (fg G M x l n }. 

Here and henceforth, a superscript ‘ t ’ over a matrix indicates its transpose, a 
superscript ‘ 0 ’over a Lie or an algebraic group indicates its identity connected 
component, 7r 0 (G) := G/G° denotes the resulting component group. 

We use German gothic letters to indicate the complexified Lie algebras of the 
corresponding groups. 

The superscripts ‘ ad ’ and ‘ der ’ over a group or a Lie algebra indicate the 
corresponding adjoint or derived group or algebra respectively. 

For local archimedean considerations we consider GL n as a reductive group over 
Q and set 

SL± := °GL n . 

Then 

SL±(K) = {g G GL n (M) | det(g) = ±1}. 

Recall that a representation of a real reductive group is called a Casselman- 
Wallach representation if it is smooth, Frechet, of moderate growth, and its Harish- 
Chandra module has finite length. 

As usual, a superscript group indicates the space of invariants of a group or Lie 
algebra representation. 

For any quasi-simple G n (M) - represent at ion V we write V^ Kn ' for the subspace 
of (smooth) AA-finite vectors. Then we have 

(3) H-(g n ,GK n ,VK^- H°(Z n (R)°- V^)). 
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In particular (g n , GK n ) -cohomology behaves the same way as classical (g^ er , iF^ er )- 
cohomology. 

We set 

b R := 

n 

,c = n(n - 1) 

n • 2 ’ 

and 

b k ■= V b kv . 

w n / j w n 

VGSoo 

This will turn out to be the bottom degree for the cohomology (3) for the infinity- 
component of the regular algebraic representations we consider. 

We fix the standard embedding 

j '■ GL n —> GL n+ i, 

9 ^ (o l) ’ 

which induces an embedding j : G n G n+i , and all of the above data are com¬ 
patible with it. The corresponding diagonal embedding is denoted 

(4) j x 1 : G n —>• G n+ 1 x G n . 

For every finite place p | p of k, let k p denote the completion of k at p, O p C k p 
its valuation ring, and we normalize the norm such that 

Mp = l-^fcp/Q P ( a )lp = a) , 

the latter denoting the absolute norm. All Haar measures are normalized in such a 
way that a standard maximal compact subgroup (if it exists) receives Haar measure 
1 . 

We fix once and for all a character ^ : A:\Afc —y C x which has a factorization 
-0 = <5AVv Then -0 induces a character U n (A k ) —> C x , for u = (tty) explicitly 
given as 

n— 1 

0( M ) = J, 

the same applies locally. For convenience of normalization in Theorem 7.1 we 
assume that 0p has conductor O p for p | p. If V is a generic representation of 
GL n (Afc) we write W{V^) for the 0-Whittaker space associated to V. Again the 
same notation applies locally. Our choice of 0 also fixes the local and global Gaufi 



G(x) 


* 

a mod f x 




sums as 
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where / is a generator of the conductor f x of the given quasi-character x '■ k x \A£ —> 
C x . 

We write K p (m) for the mod-p m - 1wahori subgroup of GL n+1 (/c p ), and similarly 
K' p (m) for the respective Iwahori subgroup of GL n (k p ). 

Choose a uniformizer w p in the valuation ring O p C k p and set 


t( P ) 




V 


W, 


n —1 


\ 


i / 


For any ideal f | p°° we fix a generator 


/ = n 


ZU\ 


Mf) 

p ) 


p|p 


and set 

We introduce the magic matrix 

/ 


*/ == nC)' 


p|p 


h w := 


1 \ 


w n 


£ GL n+1 (Z), 


Vo ... 0 l) 


and define 

h U) := V/ 1 ) ' h (1) ■ t(f) e Gn+i(Qp), 
We consider the Hecke operator 


C p := K p (m)t( P )K p (m), 

for G n+ 1 and 

V p = Kp(m)w p t(p)K' p (m) 

as a Hecke operator for G n . Then we have the Hecke operator 

Up := v p ®v; 

acting on ( 7 r<g)< 7 ) Ap<m ) xA p( m ). Those Hecke operators may be considered as products 
of the standard Hecke operators 

T P)V \= K p (m) 1 ^ ^ K p (m), 0 < v < n + 1, 

and 

T p.y ■= KM 0 <"< n. 
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3. Arithmetic modules 

We call a simple G n - module M, defined over a number field Q(M)/Q, prearith¬ 
metic if it is essentially conjugate self-dual over Q, i.e. 

(5) M v,c = M <g) £ 

where f G Xq(G u ), i.e. f is defined over Q. We remark that the restriction map 

Xq(G h ) —> X(S) 

is a monomorphism with hnite cokernel. This map factors over A(Q)(reSfc/QT n ), and 
its image in the latter consists of constant tuples (w) L , w G Z = X(S). As there 
is no risk of confusion we simply write (w) G Xq( reSk/QT n ). 

Then an irreducible G n -module of highest weight pi is prearithmetic if and 

only if 

(6) pi — w n pi c = w G X(S). 

We call and also pi arithmetic if is prearithmetic for every a G Aut(C/Q). 

The motivation for our terminology is that the existence of an automorphic 
representation n of G n ( A) with non-trivial cohomology with coefficients in M #i (C) 
implies the arithmeticity of pi (cf. [Clo, Theoreme 3.13 and Lemme 4.9]). 

We have the following elementary 

Proposition 3.1. Let pi be arithmetic. Then 

(i) its ‘Tate twists’ pi + (j) for any j G Z are arithmetic, 

(ii) its dual weight —w n pi is arithmetic, 

(iii) the conjugate weights pi a for a G Aut(C/Q) are arithmetic. 

Now let pi resp. v be arithmetic weights of reSfc/QT„ +1 resp. res k/qT n , n > 1. We 
call a j G Z critical for pi x v if there is a non-zero <S' n -equivariant map 

(7) —> Mq). 

Assuming its existence, tjj is dehned over 0(pi, u) (the ring of integers in Q (pi, u)), 
and is unique up to an integral unit in the latter ring due to the multiplicity one 
property of restrictions of irreducibles for GL n+ i|GL n . 

We write 

£ := : Mfj, © Mv —•t Afy) =: 

j 

where j runs through the critical j for pi x is. Let ) min denote the minimal critical 

j- 

We write T n for the Zariski-closure, i.e. the algebraic hull , of a torsion-free arith¬ 
metic subgroup T of G n inside G n . Note that T n is independent of T. 

Lemma 3.1. We have G^ v C T n and the latter is normal in G n . 
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Proof. We know that 


yder 


Y' /^der _ d 

1 n > I ? 


because T n is an arithmetic subgroups of and hence Zariski-dense in 

^der 


GT c r n . 


G^ er . This shows 
As the quotient 

//^rder 

'- T n/C J n 

is a torus, it is abelian and hence T n is normal in G n . 


□ 


Now let 7 t resp. o be regular algebraic irreducible cuspidal automorphic repre¬ 
sentations of G n+ i(A) resp. G n ( A) with weights p, resp. v, i.e. 

( 8 ) H\Q n+l ,GK n+l] ^ n ^® c M^{C)) ± 0 , 

and 

H*(g n ,GK n] a£ n) ®c M„(C)) ± 0. 

The following observation is due to Kasten-Schmidt [KS] (at real places) and 
Raghuram [Rag2] (complex places). 


Proposition 3.2. The map 


J ^ \+3 

sets up a bijection between integers j G Z critical for p x u and critical values of 
L(s,tt x a) in the sense of Deligne [Del]. 


4. The Main Theorem 

Let it and a denote irreducible cuspidal regular algebraic automorphic repre¬ 
sentations as in the previous section, that we also consider as representations 
of GL n+ i(Afc) and GL n (Ap). Then we know by Clozel [Clo, Theoreme 3.13 resp. 
Proposition 3.16], that the finite components 7r(°°) and cA 00 ) are defined over a num¬ 
ber field E = Q(7t, a) D Q(p, u), which is the field of rationality of 7 A 00 ) ® cA°°). 
We remark that in an appropriate sense, 7r0a as a global representation is defined 
over the field Q(7 t, a) as well [Janl5]. 

We fix a prime p subject to the following conditions: 

(H) for each prime p | p in k, there is a f/ p -eigen vector 

0 A t p G (tt p 

and the corresponding eigen values e E are all non-zero. 

We call the latter the finite slope condition. We also consider the stronger p- 
ordinarity condition 

(O) If .S' m i n G | + Z denotes the left most critical value for L(s, i r x cr), then for 

all p | p 

Mp = |p(«p) ’ u ( a 'p)\ p > 
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where 




w 


—n+1 
P 


\ 


V 



in GL n (/c) and 0 ( P ) = j(a^), with local uniformizers w p G O p . 

We emphasize that these are conditions on the tuple ( 7 r,cr, (t p ) p | p ). 

For 7T p resp. cr p spherical, with pairwise distinct Hecke roots, it is well known 
that the corresponding data are all of finite slope (cf. [KMS, Proposition 4.12] 
resp. [Janl4, Section 1.6]). 

We write L(s, n x a) for the Rankin-Selberg L-function attached to (n, a) in the 
sense of [JPSS] and assume in the sequel that there is at least one s 6 ^ + Z which 
is critical for L(s, 1 r x a) in the sense of [Del] and we let s m ; n = | + j m ; n denote the 
left most critical value. 

As our representations at p are generic we may consider the Fourier isomorphism 


w : 7r p (8) Up -A- W('K P , ip p ) ® W(cr p ,i(j p 1 ). 
We let for any place v of k 


G m (O v ), ufoo, 
G m (^)°, v | 00 . 


Then for any ideal f | p°° in k, i.e. any ideal dividing a p-power, we define 


C(f) := fc x W/(l + 


v\p 

where f ranges over the ideals dividing p°°. By class held theory C(p °°) corresponds 
isomorphically to the Galois group of the maximal abelian extension of k 

unramified outside poo. 


Theorem 4.1. Under the above condition (O) resp. (H), for each s crit = \ + j 
critical for L(s, n x a), there exist periods G C x and an Q(n, a)-valued p-adic 
measure pj resp. a distribution in the finite slope case on C(p°°), such that for all 
finite order characters x '■ C(p °°) —> Q: 


"Scrit) 


L {p) (Scrit, (tt x cr) <8) x) 

n sgnx 



Xi "Scrit) G(x) ' J_ J_ C (X P ! "Scrit) 
P\P 


with 
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and 


c(Xp) ■S cr ;t) 


Furthermore 


Ipid^i ^p? X) ^crit)j 


W: 


Xp, 


(n-|-l)n(s m i n —s cr j^.) (n+l)n(n —1) ^p(fxp) 




for unramified Xp, 
for xp of conductor f Xp . 


Ip (Fi ^p> X) ®crit) 


' U„(k v )\GL n (k v ) 


w(t p ) (j(g)h (w) ,g) Xp(det(^))| det(g)\"dg. 


Up to the computation of the Euler factors at the finite places v \ p where 
det(/l) fi Of, Theorem 4.1 generalizes by construction to arbitrary finite order 
characters of C(K(p°°)). As already remarked in the introduction, the value of this 
zeta integral is known for normalized choices of t p in the cases n < 2, assuming 
7 r and cr unramified at p, and in those cases agrees with the value expected in 
[CPR, PR]. 

The construction of the distribution and its main properties will be proven in 
Theorems 6.1, 6.2, 7.2. We also remark that the p-adic L-function we construct 
satisfies the equation as stated in the introduction, see Theorem 7.3. 


5. Topological formalism 

5.1. Locally symmetric spaces. For each compact open subgroup K of G n+ \ (A!W) 
we consider the locally symmetric spaces 

&n+i{K) := G n+ i(Q)\G n+ i (A q )/ K n+ iK, 

and 

&£i(K) := G n+1 (Q)\G n+1 (A Q )/GK n+1 K, 
which come with the canonical projection map denoted 

ad: S£ n+1 {K) -A 

We set 

C(K) := k x \Af / (k <S>q IP) 0 det(A'), 
which is a finite discrete topological space, and comes with the map 
det K : SFfiK) -A k x \Af / (k R)° det(iP), 

factoring over ad. In particular we write 

3F n+1 (K)[c] := det^(c) 

for the fiber of a class 

c G C(K), 

for which we may choose a representative c G Af which is trivial at infinity. Then 
by strong approximation we have a natural identihcaton 

(9) ^n+i(K)[c] = r c \G n+1 (R)/K n+1 , 
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where 

r c := G„.+i(Q) H d( c )Kd^ % 

with 

d{c) ■■= diag(c, 1, • • •, 1) G G n ( Aq). 

In particular all hbers are connected. In the squcl we assume K to be neat in the 
sense that for all c G C(K) the arithmetic group T c is torsion free (although r c as 
a subgroup of G n (Q) depends on the chosen representative of c, its isomorphism 
class as a group doesn’t), which can always be achieved by replacing K with a 
suitable neat compact open subgroup (which then necessarily is of finite index in 
K ). For neat K the space 3> n +i (K) is a manifold. 

For a sheaf F on 3F n+ i{K) we denote by F[c] its restriction to SF n+ i(K)[c]. 

Fix a held extension E/ Q(/x). Then the G n +i(Q)-module M^(E) gives rise to a 
sheaf M (E) on 3F n+ i (K), arising as a local system from the left- G n+ i(Q)- and 
right- K® x /h-module 

%(E) := M„(E) x G n+1 ( Aq). 

Its sections on an open subset U C JF n+1 (K) are explicitly given by 

r(U ; M fl (E)) = {/ : G n+ i(Q)f/ —> M^{E) \ f locally constant and 

V7n+1 G G n+ i(Q),w G G n+ i(Q)U : f('y n+1 u) = ( 7 n+i) /(«)}• 

We introduce the translations 

t g : 3F n+ i(gKg~ l )[c] -A 3F n+1 (K)[cdet(g)\, 

G n+1 (Q)xgKg~ 1 ha G n+ i(Q)z£iF, 

for (7 G G re+ i(AQ°' ) ). Then we have the identification 

(10) YiU-XgM^E)) =T(t g (U)-M^E)). 

The pullbacks t* naturally extend to cohomology. 

In order to lay hands on the pullbacks, we consider for each open U C SF n+ i(gK g _1 ) 
the map 

Y{U-e g M^E)) -A TiU-M^E)), 

given via the identification ( 10 ) by 

r (tg^-M^E)) A / HA [u^f(ug)] r 

i.e. we obtain a map 

PM- -a M^E) 

of sheaves on 3F n+ i(gKg~ l ). 

In particular the composition 


tg ■= P»(g)°t*g 
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sends sections of the sheaf M (E) on SE n+ \ (K) to sections of the sheaf M (E) on 
$> n+ i(gK g _1 ). By functoriality this gives a map 

# : H«($r n+1 (K),M»(E)) -+ H«(& n+1 (gKg- 1 ),M li (E)) t 

which has the factorization 

H*(£ n+1 {K),M lt (E)) H«{% n + 1 (gKg- 1 ),t* g M li {E)) 

^ H;(X’ n+ i(gKg~ 1 ),M l ,(E)), 

for * G {—, c,!}. We use the same notation mutatis mutandis for ^^+i- 

When dealing with tensor products as coefficients, we assume Q(/i, u) C E and 
identify 

Mfj, xiy (E) = M^E) ® E M V {E) 

and consider it as a G n+ 1 x G' n -module and by abuse of notation also as a G n - 
module via the diagonal embedding j x 1 , and identify 

Pfixv(9) {9) 19) 1 9 ^ G n (AQ ). 

In particular we have for each g G G n ( Aq°^), * G { —, c,!}, a map 

: H^ n (K'),M^m -»> H^igK'g-^M^iE)). 

5.2. Global sections. The reason for the notation Pn{g) will become clear when 
considering global sections over connected components 3E n +i(K)[c] as elements of 

H°{T C -M^E)) C Mp(E) 

via the identification (9), which depends on the choice of the representative c det(/l) G 
G m (A^)/ det(A') of the class [c] G C(K). Only for [1] G C(K) we have the 
canonical choice c = 1, where a section 

/ G H°(%- n+1 (K)[l]-M„m 

can be sent canonically to its evaluation (as a function) at the origin 

/(ln+lAT n+1 xK) G if°(r i; M M (£)). 

However for all other classes there are no canonical choices, i.e. there is no canonical 
identification of a section in 

with an element in M IX (E). 

This is of particular importance in the context of integral structures: If g G 
O'n+i (Q) D G n+ i(Ao°' ) ), then sections of the sheaf associated to a lattice 

M^O) C M^E) 

will be mapped by t% to sections of the sheaf associated to the translated lattice 

(11) 9 • M^O) = pMM^O) C M„(E), 
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which will be defined in section 6.6 when we introduce the necessary adclic for¬ 
malism to handle this situation. 

For the rational situation we introduce for 7 G G n (Q) the map 

^ : H°( r c ; M V {E)) -A tf°( 7 r^" 1 ; M U {E)\ 

s t pMis). 

We set for g G G n ( Aq°^), 

r? := G„(Q) n d {c) gK'g- l d^ v 
the intersection taking place in G n ( Aq°^). 

Proposition 5.1. For any c,c' G GLi(A[°°^) and any g G G n ( Aq°^) with 

[c'] = [det((?)c] G C(K') 
there is a 7 G G n (Q) with finite part 
(12) 7/ G d {c) gK'd^ y 

Any such element renders the diagram 

H\T d -M v {E)) H°{r°-,M V (E)) 

2 * (9) (9) S 

WiarMnWbKAE)) -W ff»(^r„( S A-' 9 - 1 )[c];M 1 / (B)) 

commutative. 

We remark that 7 depends not only on g but also on the choice of the represen¬ 
tatives c, c'. 

Proof. The existence of 7 satisfying (12) follows by strong approximation from the 
identity 

d(c)9K = d {c) gd {cl) ■ {d^^K d^,,^) 

as the element d^gdT^ on the right hand side has determinant in det(Jl') and K' 
is open. Such a 7 satisfies 

n = G n (Q) n 7 d (c 0 A"d- 1 ) 7- 1 = 7 r c , 7 -\ 

consequently tfi is well defined. 

In this context the identification (9) is explicitly given by 

v : r c'g'ooKn ^ GM^d^KlK', g^ G G n (R)°. 

Similarly we have the map 

i? : G^g'^KlgK'g-'. 



p-ADIC L-FUNCTIONS 


17 


We consider the map 

t~ ( ■ r Ig'ooKn i y Yg'^Kn. 

This yields the commutative square 

%n{K')lc'\ 4^— X n (gK'g~')[c\ 

V *c 

r c AG n (M)/x n rs\G n (M)/A;, 

where all maps are diffeomorphisms. 

Thus on global sections we obtain a commutative diagram 

H°(^ n (K')[c']-M u (E)) -A 0 ( (gK'g- 1 )[c ]; (A)) 

0 (if)* 

^ 0 (T c /\G n (M)/A'' n ; M_ U {E)) 


^ 0 (T C '; M„{E)) —^ //°(T®; M V {E)) 

where we have to explain the precise meaning of the various pullbacks in the upper 
square. First of all we have the explicit global sections 

H°(Y c/ \G n (R)/K n] MAE)) = {/ : G n (R)/K n —>• M„(£) | 

f constant and Vy' G T c / : f'tfg'^Kn) = ^(yO/'^ATn)}, 

the map i*, being the usual pullback of maps. The same holds mutatis mutandis 
for (i 9 c )* and (A,)*. Then 

W" ■ f pM^Yf = W ^ PM filin')]- 

The natural isomorphism 

H°(Y c f\G n (M.)/K n ]M u (E)) -a H\T c ,-M u (E)) 
is given by evaluation of f at the origin l n K n . Thus we see that t” is given by 

f'{l n Kn) ^ P Mf(l n K n ). 

This concludes the proof. □ 

Corollary 5.2. For any c,c' G GL 1 (A[. 00 ' ) ) and g G G n (satisfying 
(13) d G cdet(gA'') 



18 


FABIAN JANUSZEWSKI 


we have a commutative square 

H 0 (^ n (K , )[c']]M. u (E)) H\X n (gK'g-')[c]-M v (E)) 

(9) (9) 

H°(T d] M v (E)) = H°(T^M U (E)) 

Proof. For 7 as in Proposition 5.1 we may assume 7 G G^ er (Q) by (13), then tf is 
the identity, map 

H°(T c r, M„(E)) -> H\Tl- M„{E)), 

as by Lemma 3.1 Gff r C r n , the common algebraic closure of T c t and r®, thus 
p M ( 7 ) acts trivially on the left hand side. □ 

5.3. Fundamental classes. We write H^ M (X, Z) for the Borel-Moore homology 

of a CW-complex X with coefficients in Z. For K C G n ( Aq°^) neat we know that 
3E n (K)[c] is orientable for each c G C(K). Thus we may fix a fundamental class 

Fk,c G H™^ {K) {Xn{K)[c], Z)=Z. 

We assume FV jC to be chosen for all pairs (K, c), K C a neat compact 

open and every c G C(K), enjoying the following compatbility relations: 

(i) For all neat compact open K, c G C(K ) and g G G„(Aq°^) we have 

(14) t*(F KjC ) = Fg Kg -i t [ det (g) c ]. 

(ii) For all neat compact open K C K' C G n ( Aq°^), c G C(K),c. G C(K') 
such that c'|a- = c we have 

( 15 ) Proj K ^ K ',*{F K ,w) = • c(K)) ' F *'- [c,] * 

where proj K ->k' denotes the projection map 3E n (K)[c] —>• ^(iF'jfc'j. 

That such a choice satisfying (i) and (ii) exists follows from the fact that G n ( Aq) 
admits a Haar measure. 

Now Fk,c induces a unique isomorphism 

Hf mX ^ K ){3^ n {K)[c],Z) -7 Z, 
and by Poincare duality provides us with a perfect pairing 

that we interpret as an isomorphism 

.T„(K)[c] 

If we interpret a cohomology class on the left hand side as an M #XXI/ (C)-valued 
differential form u>, then the image of this class under the above map is given by 
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integration of u over the manifold 3E n (K)[c\ with respect to the orientation Re¬ 
writing x\, , Xdim% n (K) for a Maurer-Cartan basis of g n /(t n +s n ), we may think 
of u> explicitly as 


w = Pu,xv{9ooW(g) ■ dxi A • • • Adx d i m ^- n (^), 

where 

if. &n{K)[c] -> M mxi/ (C) 

is a compactly supported smooth function. For the details of this correspondence 
we refer to section 3.5 of [Janl4]. We obtain 

^ j Pfixu ■ dx i A • • • A dXfjim(x) G H (T'c> A^/ixi/(C)). 

■T„(A)[c] 

As r c is Zariski-dense in T n C G n , the projection ^ induces a map 

R ff°(r c ;M, XI/ (C)) -A M 0) (C), 

which indeed is defined over E (even O). Then for a suitable choice of ip, appli¬ 
cation of (and summing over all c € C(K)), turns the above integral into the 
the Rankin-Sclberg integral over ^(gisgn- 7 (as a function on G n ( Aq)) at s — | + j, 
because ^ commutes with integration. 

5.4. Hecke operators on cohomology. For a compact open K' C G n (A^) 

the compact open double coset K'gK' represented by an element g E G n ( Aq°^) 
decomposes into finitely many open right cosets 

K'gK' — |_| giK'. 



Then K'gK' acts on sections 


sET(U-MAE)) 


via 

s l [K'gK'} ■■= 

i 

again on the space 3E n (K'). This action extends to cohomology, i.e. we have 

■\[K' 9 K'] e End E (H^ n (K')-M u (E))) 

for any * e { —, c,!}. Note that this action is compatible with the Hecke action on 
group cohomology as well as with the action on automorphic forms. 
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6. COHOMOLOGICAL CONSTRUCTION OF THE DISTRIBUTION 

6.1. The rational modular symbol. For any compact open subgroups K C 
G n+ i(Ao°^), K' C G n (A^), we consider the proper ‘diagonal’ map 

3 x ad : «T n (. 1~\K) n K') —> ^(X) x ,T n ad (A"), 

which induces a map 

O' * ad)- : x 

where we suppress the pullback on the coefficients in the notation, M YI .(E)) on 
the right hand side being the tautological sheaf on ^(j _1 (iF) D K') associated to 
the G n -module (j x 1 )*M flxl ,(E). 

We remark that 


+ >>n = dimir„(j-‘(A')nA-'), 

thus the pullback along j x ad produces a class in top degree, which may be 
integrated against our chosen fundamental class. 

We define for h! G G n (A^) and h G G n+ i(AQ°' ) ), 

K(h,ti) := j- l (hKh~ l ) nh'K\h')~ l C G n (A^ oo) ), 
and for every representative c of a class in C(K(h, h')) the arithmetic group 

T h / := G n (Q)nd (c) K(h,h')d^ y 

With this formalism at hand we are ready to define for h, b! and c G C(K(h, h!)) 
with the property that K(h, h r ) is neat (which is automatic whenever K or K 1 is 
neat), our topological modular symbol as the map 


W+iW X -A H 0 (T^ h ']M^ xu (E)), 


X ^ J (j x ad)* o^ } (A). 

%n(K(h,h'))[c] 

It enjoys the following elementary properties. 

Proposition 6.1. As a function of h and h’, on ^/ depends on the right 

cosets 

hK and h'Kf 

and more precisely only on the compact open double coset 

(.3 X 1 )K{h,ti) ■ (hK x h'K') C G n+1 (A^ >o) ) x G n (A{j 0o) ). 
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Proof. The constancy on the cosets hK and h'K' is clear as 

«W A ) = CV A )’ 

for k G K, k' G K', and 


Furthermore for any 
we get 


<? K * K ' m - 


k' G K(h,ti) 


j t k' 1 '°U xad T ot ( h ,h')( x )- 

%n(K(j(k')h,k'h'))[c] 


However as 


ro(jxadro^(A) = (jxadrot^(A), 


and as conjugation by k' fixes the compact open groups in question, we conclude 
that 


i>K,K' /n _ 

j{k')h,k'h',c\ A > ~ ^h,h',c\ A P 


□ 


as claimed. 

More generally we have 

Proposition 6.2. For any h, h! and c as above, and g' G G n { Aq°^) we have 

caK, K' _ caK,K' 

j(g')h,g'h',c ^ h,h',det(g')c 

Here and in the sequel such an identity is understood via the identification 

of the two domains as identical subspaces of the representation space M mxi/ (.E). 

Proof. Replacing k’ in the second part of the proof of Proposition 6.1 by g' the 
claim follows mutatis mutandis from Corollary 5.2 and the relation 


t»r o 






^„(K(h,h'))[det(g)c] % n (K(j(g')h,g'h'))[c] 

which itself is a consequenc of (14). 


□ 
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6.2. Rational construction of distributions. We fix once and for all an cle¬ 
ment 

w G Op := O <S>z 21 p Aq ^ 

with Vp[w) >m> 0 for all p | p. We introduce the matrices 



in GL n (k) and 


t(p) i(%)) 




which give rise to a Hecke operator 

U p := Kpt(jp)K p ® K' p t[ p) K' p , 

where K p and K' p are the products of the mod p m Iwahori subgroups K p (rn) resp. 
A'p(M) for p | p. Then U p is product of the operators 

Vp ® V), P I P, 

thus conditions like ordinarity and hnite slope translate from one operator to the 
other, i.e. the appropriate notions are equivalent, see below. 

We assume that we are given neat compact open K and K' satisfying det(/l) = 
det(K') and having p-components K p resp. K p . in particular the operator U p then 
acts on the cohomology of the manifold SC n+ \(K) x 5£ n {K'). We assume we are 
given an eigen function 

with non-zero eigen value k G E x . 

Let f C O p be a proper ideal which is generated by a power w v , v > 1. Any 
class in G(f) may be represented by an element x G Aq°^ and we set 


Mx + f) := ...(A) 6 H a (rP-M^(E)), 

n w ,a: 


where 


, x hWty 

T {v) y (p) v (p) y 


Finally we set 


P a(®+ f) := £ ° T f). 
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Note that the notation fi\(x + f) suggests independence of the representative x, 
which is only true up to natural isomorphisms in the codomain. Strictly speaking 
the codomain depends on the coset x det (A' (w 1 ’)), where 

A'(0 := A'l/i'X,, (4,)”). 

This has to be kept in mind in the sequel. However, to be clear, all identities are 
understood as strict identities in what follows (and not just identical up to natural 
isomorphism). 

We know that the p-component of det(/l (w 1 ’)) equals 1 + (ro"), cf. [Sch2, Propo¬ 
sition 3.4], Therefore we have a finite covering map 

(16) C(K(w v )) —>■ C{{w v )). 

In the absence of complex places £ is an isomorphism, otherwise, depending on 
the weight fx x u, it is not. As of now it is unclear if fi\ carries more arithmetic 
information than p\, and which arithmetic phenomenon this information may 
reflect. 


6.3. The distribution relation. We import 

Lemma 6.1. [Janl4, Lemma 4.1] For any u G U n+ i(O p ), and w G U n (O p ), there 
exist matrices k' u w G K' and k U)W G K p with the property that 

^’H -1 '' ut (p ) = o{K,w) ■ r {p) +l)h{1)t lt) ' ku ’ w 

and that furthermore sending u, w to 

det(k UiW ) = det(fc^J -1 (mod (^ +1 )) 
defines an epimorphism of groups 

U n +i(Op)/t(p)U n+ i(O p )t^ x U n (O p )/t {p yU n (O p )(t{ p) ) 1 

-)• (1 + (w v ))/( 1 + (^ +1 )). 

Proof. Applying [Janl4, Lemma 4.1] to each place dividing p yields iteratively the 
existence of k' uw and k u , w satisfying the first statement. The second statement 
follows from loc. cit. as well. □ 

For the distribution relation the following generalization of [Janl4, Lemma 4.2] 
is crucial. 


Lemma 6.2. For any (not necessarily Hecke eigen class) 


A G II, 


Z+i+K 


(*£ i(K) x 

and any u G U n+ \(O p ) and w G U n {O p ) we have 

rn> K ’K' f w = a>K,K' 

hmt ?p) u Hp)’( t {pfi Vwt { p) ’ x ' det(k u ,w) 


(A) 
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Proof. By Proposition 6.2 and Lemma 6.1 we obtain 


& 


K,K' 

hWt (p) u Hp)’( t { P )') Vwt {p) 


,X 


(A) 


= & K ’ K ' (X) 

= & )K ’ K ' (A) 

j(K,w)-t(pf +1)hWtV (p ) 1 -ku,-w,lri,det(t( p) ) < . v + 1 '>x y 




„)-!,det (k')-x 


(A) 


= o#k,k' 


o)‘ x 


(A) 


(by Prop. 6.2) 

(by Le. 6.1, Prop. 6.2) 
(by Prop. 6.1, Prop. 6.2) 
(by Prop. 6.1) 


This concludes the proof. □ 

Theorem 6.1. Let A be an eigen class with eigen value k G E x . Then for any 
x G A' oo) and any v > 1 we have the relation 

fi\(x + (w v )) = ^ jl\(x + aw v + (w v+1 )). 

a (mod ( / cu)) 

In particular after fixing representatives for all classes in C{K(u7 °)), fi\ defines a 
distribution on C(K(p°°)) = lmiC(A'(w'')) with values in H°(T n ; M^ XU (E)). 

V 

Proof. We set for u and w as in Lemma 6.2 and introduce the generalized index 

(C(/v (/»'%,, (;■(„,)")): V^we^))) 

u,w ' (^( ft(1) *(p). (L))’) : ( f (p))” TOt (pP 

By Lemma 6.2 we see that 


I(u,w ) = 


1-Nfc/qMI 


(K(w v ) : K(w v+l )) 


is independent of u and w. Explicitly we have by [KMS, Proof of Lemma 3.2], 
[Sch2, Lemmata 3.7 and 3.8], 


( 17 ) 


(K(h^tl p) , ( t' (p) r) : K(h (1 h"+\ (f' (p) )”+ 1 )) = 

(Oi+l(Cp) : l(p)Vi+ll( p ,)(Vi(dp) ■ l(p)W(p)) )• 
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We conclude that 

T\(x + (w v )) 


= K 


K,K' 
hWtJ, 

-V+1 c*K,K' 
^hWt v { . 


= k-* • (t' yS x ) 

K-’+'-Kfc v r.Wp-V 

n n <,p)’ ( \p)> ’ X 


—v+l 


u,w 


K ' K ' m 

)t (’p ) U Hp)^{p)) V wt{ p yX^ > 


.-+■ • ni, i) - v 


E 


K 


u,w 

-V+1 . 0>K,K' 


hWtl+\{t[ p) Y+\x+a^ 


Ip) W' (p )h +1 >zdet(fc UlU ,) 

(A) 


(A) 


y: Aa(^ + aro” + (zzW^ 1 )). 

a (mod M) 


(by definition) 

(as A is eigen) 

((15) and def. of U p ) 

(by Le. 6.2) 

((17) and Le. 6.2) 


□ 


Corollary 6.3. Under the same hypotheses as in Theorem 6.1, /i\ is an M^ U (E)- 
valued distribution on C(K(p°°)). 

We remark that along the same lines we may give a finer description of the 
distribution fix, i.e. by taking into account each place p | p seperately we see that 

(18) ih(x + {w)) e 

only depends on the ideal (w) generated by w, and the collection of all vectors 

(18) for varying w with v 9 (w) > m then defines mutatis mutandis a distribution 
with the finer property that for any ideal f | p°° with n p (f) > m for all p | p, and 
for any p | p, we have 

T\(x + f) = Tx{ x + a f + fp)- 

a (mod p) 

We refrained from discussing the details of this more general approach as it would 
have forced us to introduce more notation, even though the result being the same. 

6.4. Integral structures and comparison maps. Let O C E be a subring 
admitting E as quotient field, and containing 0(h). Consider the /L-stable O- 
lattice 

M^O) C M^E). 

For each g e G n+ i(A(°°)) we set 

(19) gM^O) := M„(E)r)pMM fX (0® z ±) ti 
where the intersection takes place in 

M^Ae) = M^E)® q A { ™\ 
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Then the subset 


M„(0) := □ SfM^O) x {,,} 

9 et?n+i(A^ o) )xG n+ i(K) 


of x G n+1 (Aq) is left G n+ i(Q)-stable and right GK® +1 x id-stable and thus 

gives rise to a local system 

M^O) := G n+ M)\M„{0)/{GKl +l x K) 

on 3xn+\ (K) resp. mutatis mutandis also on 3E n +i (K). Its sections on U C 
^ n+ i{K)[l] are explicitly given by 

T(U ; M tl (Q)) = {/ : YU —¥ M^O) \ f locally constant and 

v 7 e r,u e ru : f(^u) = pMf(u)}. 

The sections on the other connected components may be described similarly. To 
be more precise, for g e G' n +i(Q) we have the identity 

K»(0)[det(g)\ = t 9i * (gM ^ jO)\$r n+1 ( q K Q -')m) 

of sheaves on J^ + i(A')[det(g)], where the sheaf gM (O) is defined mutatis mu¬ 
tandis, replacing M(0) in the definition of M^(O) with gM(0). 

In the very same way we identifty the pullback of M (O) along the translation- 
by-g map t g with the sheaf gM (O), which itself is naturally a subsheaf of M /t (E) 

on 3Y n+ i(gKg~ x )- In order to keep track of the various incarnations, we let 

T„ : t;M„(0) g M r (Q) 

denote the natural isomorphism. By construction we have natural inclusions 

*, ^ gMjp) -> mj,e). 

For notational efficiency we introduce the abbreviations 

i T g ig ° T gi Tt * g ■= T <j ° t* g , iTt* g := i g o T g o t* g . 

Remark that 

(20) (T x o t* x ) o (T y o t* y ) = T xy o t* xy 

and similarly for i g . This formalism extends to cohomology and the cup product 
and duality commute with T g and t* and i g in the appropriate way. 
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6.5. The integral modular symbol. Assume that O C E is a subring with 
quotient field E, which contains its localization at p, i.e. 0( p \ = O. 

Using the formalism from the previous section we define the topological period 
map h , c over O C E mutatis mutandis as over the quotient field E: Starting 
from a class 

A € H b h l+b ~(.r^ 1 (K)xar^(K')-M tl ^(0)) 

whose image in 

is a Up-eigen vector with eigen value k G E x , we set 

Px{ x + f) := Ai (ln+llln) (A)(a: + f) = k~ v • ^ , ^ )l( t' (p)) « 1 *( i (W 1 .i»)( A )) 

for f = (w v ), v > 1. 

We may consider the integral version 

KiZ ■ -a H°(K(h,h,'M (h,h')M : . m, 

given by 

A ^ / (j x ad)*ot^ } (A) 

sr n (K(h,h'))[c] 

as before. We have a natural isomorphism 

(h, h')M s .(0) = hM^O)® 0 KMAO) 

of sheaves (on the various spaces where we consider it), and again we identify 

H°(K(h,h , )[c}- (h,h')M i . (O)) = H\T h /-d {c) (h,h')M^ v (0)). 

Then by construction we have obtain a commutative diagram 


uk 

H; n+1 


1+K 


(2£i(K) X ^{K'YK^E)) 


?k,k' 

h,h r ,c 


H°(T h c ’ h '-M^ xu (E)) 


uk \_uk 

Jj 0 n+l^°n 


(■*) 


„*Ji (k) x ar*(K'y,M 


p,Xls 


m 


?K,K' 
h,h f ,c 


H°(r h c ’ h '-,d {c) (h,h') ■ M^ v {0)) 


where the right vertical arrow is a monomorphism, and we see that 

(2i) Mx + (w*)) e (h<y p) d (x) , ( t{ r) yd M ) ■ m„ x „(0)). 
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6.6. Boundedness in the ordinary case. We assume E/ Q(/z, u) to be a number 
field with ring of integers Oe■ Fix an embedding i p : E —* Q p and write | • \ p for 
the norm on E induced by i p and write v p for the corresponding valuation. We let 
@E,p E E denote the corresponding valuation ring. 

We introduce Hida’s integrally normalized Hecke operator 

Up := /r(f( p )) • ■ Up, 

assuming without loss of generality that the uniformizer w G O p used in the 
definition of ty, tU , and U p , is a power of the rational prime p. It is well known 

that Up acts on cohomology with p-integral coefficients M pxi/ (C>). 

Then if A is a U p eigen vector for the eigen value R G E, we say that A is ordinary 
at p if 

(22) \R\ P = 1 

which is equivalent to condition (O) in section 4 if A is a cohomology class associ¬ 
ated to (7r, a). Generalizing (H), we say that A is of finite slope at p if R 0. 

Theorem 6.2. If A is ordinary at p and is a p-integral cohomology class, then 
Px takes values in M^yfiOp^p), i.e. p\ is p-adically bounded and thus a p-adic 
measure. 

Proof. We decompose M mx „ into weight spaces, i.e. 

AW(£) = 0 E rp 

)?e.Y (res fc / qT„ + i x T n ) 

where E v denotes the weight space for the weight rj. As /x x is is the heighest 
weight for our choice of standard Borcl B = B n+ 1 x B n , we know that on each E ^ 
with Ep 0 the p-integral element 

a(v) := ((t(p)) v d {x) ,(t[ p) ) v d {x) )) 

acts as the scalar rj(a(v)) G E x with p-adic absolute value 

\v( a ( v ))\p < |/x x v(a(y))\ p . 

In particular we conclude with (21) that, as R is a p-adic unit, 

p x (x + (w v )) G H\Y^-{h^\l n )-M^{0)). 

The right hand side is a lattice independent of v. □ 

We remark that, in the case of positive finite slope, the same proof yields an 
explicit bound on the order of the resulting distribution. 
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7. p-ADic L-functions for Rankin-Selberg convolutions 

7.1. The interpolation formula. Let n and a denote irreducible cuspidal reg¬ 
ular algebraic automorphic representations as before. We assume they possess 
non-zero K p (m)- resp. A"'(m)-invariant vectors at all p | p. For each p | p we 
consider the Hecke polynomial 

n+1 

H P (X) := J](-l)"01(p)^T Pil/ X n+1 -" 

v=0 

in the Iwahori Hecke algebra. We choose n Hecke roots 


Ap,l) • • • j ^p,n G A. 

for 7T P , i.e. the collection of operators H p ( A Pi i),..., H p ( A p>n ) annihilates a non-zero 
vector u; p in the Whittaker model W(ir p ,i/) p ). Similarly we choose Hecke roots 


Ap,i, • • • 5 A + 


annihilating a vector 


0 ^ uj G W(a p ,^ p 


,0 ■*///■_ 

P 

Note that we still choose n roots on the smaller group. We set 
A P : = (A p ,i, • • •, A p>n , A p l j..., A p>n ) G E 2n , 

and 


(n+l)n(n-l) 

Av := W(p) 


n^ 1 -* ■ n* 


/n+1 — V 


<1S=1 


\1S=1 


Associated to this data we have the projection operator 


/ 


IR := 

-P 


n n+1 




i =i j =i 

V j/* 






/ 


n —1 n 




i =i j=i 

V jA* 


\ 


/ 


We call the tuple (tt, a, (A p ) p | p ) of finite slope at p if the following three conditions 
hold: 

(i) T' n acts on cr p via the scalar 


( 23 ) 


, . n(n— 1) i —r , 


u= 1 


(ii) The vectors ta p and v p may be chosen in such a way that 


n |K° ® v p ) (i n _i_i, i n ) = H(i- 9d(p)-"). 

U=1 



30 


FABIAN JANUSZEWSKI 


(iii) The slope 

V P ( —7- T ^ —/ J ~ | G Q U {(X)}, 

\m(o(p)) X v(a[ p) ) J 

is finite. 

If in addition the slope is 0, we call the datum ordinary at p. 

Assuming that our Whittaker vectors satisfy condition (ii), we set for each p | p, 



The following Theorem is the main result towards the interpolation formula. 

Theorem 7.1. [Janl4, Theorem 2.3] For all characters \p '■ kp ~ t C x with non¬ 
trivial conductor f x = O p ■ f x , mid all 0 ^ f g Q p w ith zu m \ f and f x \ f and all 
s G C we have 

I tp (. j(g ) • tiff- 1 ) ■ h u \g- ff x h U f-i^j x(det(<?))| det(g)\ s p ~* dg = 

Un(k p )\GL n (k p ) 

n 

n z . . \ 1 . . (n+l)n(n —1) , s n(n+1) _ . . . . n(n+1) 

(i - m(p)-) • 01(f)-«— ■ • (x(f x )G(x))—■ 

V = 1 

tpQvtfyffx 1 ' tiffx 1 )^' 

At all finite places q { p we choose a good tensor 

t q e 7r q ,-0q) 

i.e. a vector such that the local zeta integral computes the local L-function, i.e. 

/ U((j x l)(c/))|det(c/)|q ~~dg = L(s,n q xcr q ). 

JU n (k q )\ GL„(fc q ) 

At infinity, we choose 

such that for each character £ : 7r 0 (C) —* C x , the global cohomology class 

associated to the global tensor 

t £ := ® {®v\<x>t v ) e 

lies p-adically maximally in the e-eigen space of the the image of 
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By construction we know that eventually lies in the subspace of K x Jl'-hnite 
vectors. For details about the construction of such cohomology classes we refer to 
[Janl4, section 3]. We set 

£ 

which has as associated cohomology class 

A := 

£ 

It is an eigen vector of each U p with eigen value (cf. [Janl4, Proposition 1.3]). 
Then the associated distribution computes the special values of the twisted 
Rankin-Selberg L-function, i.e. we have 

Theorem 7.2. Assume that (it, a, A) is of finite slope. Then there is a entire 
complex analytic function f i t (s) such that for any character \ : k x \Af —> Q x of 
finite order with conductor f x | p°°, we have the interpolation formula 

J Xd'h a = 

C{p°°) 

-c(x,^+j) + (tt x cr)<8>x) > ) 

\ / j critical for fixu 

with c(x, —) as in Theorem f.l. 

We will discuss of the non-vanishing of the periods + j) in section 8. 

As already mentioned in section 4, and as will be clear from its proof, Theorem 
7.2 generalizes to arbitrary finite order characters of C(K(p°° )) via (16), up to the 
computation of the Euler factors at the finite places v \ p where det(ih) Of. 
We remark that in the ordinary case the p-adic measure is uniquely determined 
by the evaluation at sufficiently ramified characters (cf. [Janl4]). 

Proof. The proof proceeds as the proof of Theorem 4.5 in [Janl4], The main 
ingredient being Theorem 7.1 for the computation of c(xp, —) hr the ramified case. 
The computation of the unramified Euler factor for n — 1 is standard. □ 


7.2. The functional equation. We have the twisted main involution 

i : g i-> Wng-^Wn 

of GL n , where the supscript —t denotes matrix inversion composed with trans¬ 
pose, yielding an outer automorphism of GL n order 2. Let A4 be rational GL n - 
representation. We identify the contragredient _M V with the pullback of A i along 
l. In particular it induces a twisted map 

• v : M-^M V . 
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This notion stabilizes our Hecke algebras, thus descends to Hecke modules A4, and 
gives the relation 

(24) (T p » v = T'„(r p ',„^m) v , meM. 

Now assume we are in the finite slope setting of the previous section. Then we 
have n invertible Hecke roots X[,..., X' n E E x . A consequence of relation (24) is 
the fact that the map 

-V* i-t Ap n+1 _j := 5d(p) n A P)? 1 

sets up a bijective correspondence between Hecke roots associated to 

v° 9 e 

and the Hecke roots associated to its dual vector 


(u p y g 

cf. Proposition 5.1. This relation is compatible with (23) in the sense that rfif = 
Vn 1 - 

The same statements are true for 7r p , if we also take into account the last omitted 
root A n+ i. If our initial datum is of finite slope, then A n+ i ^ 0 as the analog of 
relation (23) is valid as well. Therefore we may define 

\ V ( \ V \ V \ ,v y v \ rfn 

Ap •— l A p,l, • • • , A p,n, A p,l % ■ ■ ■ ) A p,n ) ^ ) 

and the contragredient datum (7r v , <t v , (Ap ) P | P ) is of finite slope again, and we have 
the dual cohomology class 

v £ c)), 

which is again p-integral whenever A is, and is an eigen vector for Up with eigen 
value k x v G E x . 

Now the map 

• v : G m (Ai oo) ) — > G m (Afc°°^), 
x i —y x w := (—l)”x -1 , 

where the (—1)" occurs only in the p-components for p | p, induces an involution 

• v : C(K(p°°)) -> C(K(p°°)), 

and also an involution - v on C(p°°), which commutes with the covering map (16). 


Theorem 7.3. We have the functional equation 

(hx(x)Y = p A v(x V ), 

i.e. we have explicitly 

( 25 ) u^Y))r = ^c^Y v ))- 

Proof. The proof proceeds mutatis mutandis as the proof of Theorem 5.4 in [Janl4], 

□ 
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8. On the non-vanishing hypothesis 


In this section we show how to reduce the non-vanishing of the archimedean 
periods + j) in Theorem 7.2 to the local situations of GL n+1 (/q,) x GL n (/c„) 
for v G S'oo- Therefore its proof reduces to a real and a complex case, which is 
treated in [Sun], 

We intrduce some notation, and let 



G := 

G n +i(M) 

x G n (R) 

and similarly 





GK : 

= GK n+i 

. x GK n , 

and 





K 

• = K n+ \ 

x K n . 

We let furthermore 





H:={jxl){G n {R))CG, 
C := H n GK , 


via the diagonal embedding (4). Then 

C = K n . 


As usual we use the same notation for the Lie algebras. 
We set 


:= M m (C) M v { C). 


The completed projective tensor product 


Ti := Ti, 


cw 


<8)cr 


cw 

OO 


of the associated Casselman-Wallach representations is itself a Casselman-Wallach 
representation of G, which is unitarizable and tempered (modulo center), and 
satisfies 

H*(q, GK] 7r ® M^ v ) ^ 0. 

We will see that this already determines tx uniquely up to isomorphism, and we 
have 

(26) GK°] 7r ® M mxi/ ) - C[tt 0 (C')] 

as 7ro(C)-modules. We will justify these statements below. 

For each j critical for /i x v we have 


0 7 ^ ij G Hom jff (M pxl/ ,M (j )(C)) 

Since this is the same to say that | + j is critical for L(s, 7r x a), the archimedean 
Rankin-Selberg integrals computing L(s, (tXoq xcroo)®Xoo) are holomorphic at \+j, 
and produce non-zero continuous functionals 

(27) (j)f° e Hom^(7f, Xoo ® |det|“ J ). 
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We remark that the finite order characters £ of H all factor over no(H) = n 0 (C) 
and thus may be considered as characters of the latter. Our goal is to prove 


Proposition 8.1. For each characters of tto(H) the H-equivariant continuous 
linear functional 

0| <8> : n <£> C) —> e: <g) sgiP 

induces on cohomology a non-zero ir 0 (C)-equivariant linear map 

(28) H 6 »+ 1+b "(g, GK°- 7T ® M mx „) -A H 6 «+i +b " (f), G 0 ; £ ® sgiF). 


An easy calculation shows that 

dim(fj/c) = b k +1 + b k n . 

Therefore, Poincare duality implies that the space of the right hand side of (28) 
is one-dimensional. It carries a representation of 7 To(C') which is isomorphic to 
£ <g) sgrd. By (26) we know the structure of the left hand side as well. Thus 
Proposition 8.1 provides us with a complete description of the Rankin-Selberg 
integrals on cohomology. 

Proposition 8.1 reduces to the local situation as follows. First we observe that 

( 29 ) g = n °v 

V^Sqo 


with 


G v — GL n+1 (/c„) x GL n (k v ), 


and similarly 

gk = n GKv ■ 

V^Soo 

We have compatible decompositions 


H= J] H v , H v — GL n (k v ), 


and 


c = n c v , c v = 


K„ 


v€S o. 


as in the notation section. We obtain induced decompositions of the associated 
complex Lie algebras, such as the Lie analog 


0 = © 0^ 

VSSoo 


mc ) = n ^(a). 

VESoo 


of (29). Moreover 
(30) 
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In particular any character £ of 7r 0 (C) decomposes into a product of local characters 
e v , v | oo. We have for each real place v G a corresponding local sign character 

sgn,. := det |det| 


and defining sgn„ to be the trivial characters for complex places v, in particular 
we get the obvious relation 

sgn = (g^oo sgn„ . 

Furthemore, we have natural isomorphism 

yi ^vGSoo^v} ^v 7T V ^(7 V . 


Now by [Clo, Lemma 3.14], we know that 


H b (g v , GA;°; % <g> 


= 0 


for b < b ^’ + , + b 1 ^. Therefore, the Kiinneth formula for relative Lie algebra coho¬ 
mology provides us with an isomorphism 


(31) H bk ^ +b *(a, GK °; 7T M mx „) = ® H b "+^ GK o. 9y 0 M ^ Vv ). 


veS a 


The local version of (26) reads 

(32) H b n+i+& ( 0O , GK° V ; n v ® M^ v J = C[7r 0 (C , tJ )]. 

In the sense of (30), the Kiinneth map (31) is an isomorphism of ttq(C)~ moclules, 
and is compatible with the isomorphisms (26) and (32). Therefore (32) implies 
(26). 

Now let us justify the isomorphism (32). For any place v G S ^ we denote by 
fl(z/„) the set of isomorphism classes of irreducible Casselman-Wallach representa¬ 
tions p v of GL n (k v ) such that P«|sl±({„) i s unitarizable, tempered, and the relative 
Lie algebra cohomology 

H*( 0 „, GK®; p v ® M„ v ) ^ 0 


is non-zero. 

The set Q ( v v ) was determined for for complex v by Enright in [En] and for real 
v by Speh in [Sp] (see also [VZ] for a general approach). In particular (cf. [Clo, 
Section 3]), for any place v 
(33) 

{ 0, if v v is not pure, 

1, if u v is pure, v is real and n is even or v is complex and n arbitrary 
2, if i/ v is pure, v is real and n is even. 

Here L v v is pure’ means (cf. [Clo, Section 3]), 


(34) 


i',,1 + n,n 


C,2 + Vz,n -1 — • • ’ — V^ n + l^i, 


for v = {t, i} (a singleton whenever v is real). This is the local equivalent to the 
prearithmeticity condition (5) resp. (6) in section 3. In the third case of (33), the 



36 


FABIAN JANUSZEWSKI 


two representations in Vt{y v ) are twists of each other by the sign character sgrq,. In 
the second case of (33), the only representation in Cl{y) is isomorphic to its twist 
by the sign character sgn„. 

In the complex case the component group no(C v ) is trivial and so is its action 
on the bottom degree b kv of the relative Lie algebra cohomology of p Vl which is 
one-dimensional in this case. In the real case we have 


C[7To(C^)] = l v © Sglly . 

An easy calculation shows that (cf. [Mali, Equation (3.2)] for example), as a rep¬ 
resentation of TT 0 (C V ), 


(35) 


H b "( 5v ,GK°-p v ®M Uv ) = 


l v © sgn v , if n is even, 

sgn(z/ tJ ) ® sgi\v’ 1+Uv ' 2+ '" +Uv ' ri , if n is odd. 


Here sgn(z/„) is the character of 7T 0 (C V ) which is given by the action of the group 

iln' := iln G GL n (k v ) C G n (M) 


on the representation M Uv ( C). Therefore the slightly stricter condition (8) pins 
down n uniquely. As already mentioned above, this also proves (26). 

Now observe that the archimedean Rankin-Selberg integrals 

01(0 = / too((j x l)(^))e(det(^))| det(^)|^o 2 dg 

Ju„(R)\G„(R) 

naturally decompose into products of local integrals 

(36) 0| v (t v ) = I t v ((j x l)(^))e w (det(^))|det(^)|« 2 dg , v G Soo, 

J U n {k v )\G n {k v ) 

whenever 

too G ^ / (vr oo ,'0 oo )©#'(o- oo ,0" 1 ) 

is a pure tensor with local components t v . 

By the Kiinneth isomorphism (31) our choice of cohomological test vector 
satishes this condition. Therefore the non-vanishing of the complex periods f2 t (| + 
j ) from Theorem 7.2 reduces to the question whether the local integrals (36) are 
non-zero for s = | + j. This proves Proposition 8.1. 
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